Linear stability analysis of a turbulent flow in a wide rectangular open channel partially covered with vegetation is performed using a shallow-water approach. The vegetated and non-vegetated zones are configured so that violent transverse mixing occurs at the vicinity of the interface between the two zones. In the base state there is no transverse velocity, although there is an abrupt variation in the streamwise velocity near the interface between the non-vegetated and the vegetated zones. The perturbations were analysed in order to find their maximum growth rate. Results show that depending on the assumed wavenumber, the maximum growth rate of perturbations is positive, what means that the perturbations may grow as time progresses.
INTRODUCTION
Instability in flows with an inflection point in the depth averaged streamwise velocity can be observed in natural geophysical flows such as channel flow in compound channel, flow in channels with laterally varying bottom roughness and flow in rivers with bank vegetation or pile dikes 1) . A number of studies has been carried out in order to describe this phenomenon, mainly focused on computation modeling, such as Nadaoka and Yagi 2) and Xiaoui and Li 3) , and experiments, such as Tamai et al. 4) . On the other side, Ikeda et al., employed linear stability analysis in order to study the generation of periodic horizontal vortices in a straight rectangular channel partially covered with pile dikes (they have also performed experiments which were compared to the theory).
In order to describe the abrupt difference in the streamwise velocity profile, the lateral eddy viscosity ( ߥ ் ) must be considered. Ikeda et al. employed a value of ߥ ் which is empirically related to the ratio of the velocities of the two parallel streams, which are far from the inflexion point. But when these velocities are measured, they are already affected by the vortices generated by instability. As a consequence, the value of ߥ ் and the base state also include the effects of the vortices due to instability.
We herein perform a linear stability analysis of flow in open channels partially covered with vegetation similarly to Ikeda et al.'s but in a different context: the value of ߥ ் employed does not include effects of the vortices. Thus, ߥ ் is smaller, and as a consequence, the difference between the velocities far from the inflexion point will be larger and more abrupt. This will be the condition of the base state. Once the instability is considered, the streamwise velocity profile may have a milder slope.
FORMULATION
It is assumed that water is flowing through a wide rectangular open channel with two distinct zones, one of them covered by vegetation (trees), according to Figure 1 direction.
Since the depth is much smaller than the channel width, the flow can be described by the shallow-water equations. Using normalized variables, the governing equations can be written as follows:
• in the non-vegetated zone,
• in the vegetated zone,
where ሺܷ, ‫ݑ‬ሻ and ሺܸ, ‫ݒ‬ሻ are velocities in x and ‫ݕ‬ directions, respectively, ‫ݔ‬ being the streamwise direction and y, the transverse direction. The origin of ‫ݕ‬ coordinate is located at the interface between the two zones, with positive values of ‫ݕ‬ corresponding to the non-vegetated zone. Water depth is denoted by ሺ‫,ܦ‬ ݀ሻ and ‫ܨ‬ is the Froude number. Capital and small letters denote variables in the non-vegetated and vegetated zones respectively. These equations were normalized so that • far from the interface, ܷ and ‫ܦ‬ assume the value of unity; • the width of the non-vegetated zone assumes the value of unity. The non-dimensional parameters ߙ, ߚ and ߳ are given by
where ‫ܥ‬ denotes the drag coefficient of vegetation, ܽ is the total projected width of vegetation per unit bed area (non-normalized), ‫ܦ‬ ෩ is the flow depth far from the vegetated zone (non-normalized), ‫ܥ‬ is a constant dependent on flow depth and roughness height, ‫ܤ‬ ෨ is the width of the non-vegetated zone (non-normalized), ߥ ் is the lateral eddy-viscosity far from the vegetated zone (non-normalized) and ܷ ෩ is the streamwise velocity far from the vegetated zone (non-normalized).
The boundary conditions of the governing equations are such that the lateral velocity should vanish at the walls,
(11) and right at the boundary between the two zones, the velocity, flow depth and Reynolds stress are continuous:
INNER AND OUTER LAYERS
Since the values of ߳ are much smaller than those of ߙ and ߚ, they can be neglected in the so called outer layer, which comprises the regions far from the interface between the vegetated and non-vegetated zones.
Dropping ߳ is a good approximation only if looking to the domain of the problem from a sufficiently large scale. At the vicinity of the interface (boundary layer), the terms with ߳ must be kept in order to describe the abrupt streamwise velocity variation. In this region, denoted as the inner layer, the scale of the transversal direction variables ‫,ݕ‬ V and ‫ݒ‬ is magnified with respect to the other variables in order to describe the fine structure in the boundary layer:
(19) With the normalization expressed in (18), the narrow boundary layer is expanded to have the order of unity.
ASYMPTOTIC EXPANSIONS
The flow is decomposed into a base state and a perturbation expansion. In the base state, the flow occurs only in the streamwise direction, and is constant with respect to time a.nd ‫ݔ‬ direction. Thus, ܷ and ‫ݑ‬ are functions of ߟ , only, ܸ and ‫ݒ‬ ො are dropped, and ‫ܦ‬ and ݀ are equal to 1.
Considering the base state and the perturbations, the variables from velocity and flow depth are rewritten as
where ‫ܣ‬ is the amplitude, assumed to be small, ݇ is the wavenumber and ߱ is the angular frequency. The variables ‫ܣ‬ , ݇ and ߱ are dimensionless. Index 0 indicates the non-perturbed components of velocity, and index 1, the perturbed components of velocity and also flow depth.
Since the perturbations are generated due to the violent transverse mixing that occurs between the two zones, they vanish far from the interface. Thus, only the base state is considered in the outer layer.
SOLUTIONS IN THE BASE STATE
From the solution of equations (1) to (6) in the outer layer, the values of ܷ and ‫ݑ‬ found to be constant and equal to 1 and ߶, respectively, with ߶ given by
In the inner layer, considering the base state only, the governing equations (1) to (6) are rewritten as:
The explicit analytical solutions of (23) and (24) are given by the following expressions
where ߰ is the velocity at the interface, given by
ܷ ሺߟሻ and ‫ݑ‬ ሺߟሻ are depicted in Figure 2 , for ߙ ൌ10.2 and ߚ ൌ 0.06.
PERTURBED TERMS
Considering the perturbed terms, only (in the inner layer), the governing equations are rewritten as: 
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in the non-vegetated zone,
The terms ሺ‫ܦ‬ ଵ , ݀ ଵ ሻ are zero infinitely far from the interface. Because they are not functions of ߟ, they vanish in the whole region. Thus, the time-derivative terms from equations (3) and (6) are also dropped.
The boundary conditions of (28) and (29) can be written as
In order to solve (28) and (29) with the above boundary conditions, a spectral method with the Chebyshev polynomials is employed so that ܸ ଵ and ‫ݒ‬ ଵ are expanded as
where ܽ and ܾ are constants, and ܶ denotes the Chebyshev polynomials, with variables ܼ and ‫ݖ‬ ranging from -1 to 1. The variables ܼ and ‫ݖ‬ are transformed into the physical variable ߟ by
where ݄ and ݄ are scaling parameters for ߟ. The Chebyshev polynomials are evaluated at the Gauss-Lobatto points defined by ܼ ൌ ‫ݏܿ‬ ݆ߨ/ܰ and ‫ݖ‬ ൌ ‫ݏܿ‬ ݆ߨ/ܰ, with ݆ ൌ ሺ0,1,2, … , ܰሻ. Thus,
By denoting the Chebyshev polynomials with transformed variables from (37) and (38), (33) and (34) are rewritten as
where
Substituting (39) into (28), we have
The above equations can be simplified as
where 
The boundary conditions (30), (31) and (32) are expanded as
The boundary condition expressed by (50) replaces (45), and similarly, (55) replaces a similar equation in the vegetated zone. The boundary conditions (51) and (56) are automatically satisfied, so that they are not used. The matching conditions (52), (53) and (54) are included so that they replace (43), and two corresponding equations in the vegetated zone. Thus, the system of governing equations can be written in the following matrix form
and
Equation (57) forms an eigenvalue problem with the eigenvalue ߱. The condition for a non-trivial solution is that the matrix ‫ܯ‬ should be singular, so its determinant should vanish.
By solving (57), the following relation is obtained ݂ሺ߱, ݇, ߙ, ߚሻ ൌ 0.
(60) Once ݇ , ߙ and ߚ are specified, ߱ can be found. The wavenumber ݇ is assumed to be real, while ߱ is complex.
߱ ൌ ߱ ோ ݅߱ ூ .
(61) The following expressions are obtained by substituting (61) into the perturbation expressions (20) and (21),
.
The term ݁ ሺ௫ିఠ ೃ ௧ሻ
denotes a wave propagating in the ‫ݔ‬ direction at wave speed ߱/݇, and ߱ ூ is the growth rate of perturbation. When ߱ ூ 0, the perturbation grows as time progresses, while when ߱ ூ ൏ 0 , the perturbation decays to vanish. When ߱ ூ ൌ 0, the perturbation does not grow, nor decay.
If the perturbation grows, discrete vortices are expected to be generated, whose period is calculated by
where ߱ ோ௫ is the real part of ߱ corresponding to ߱ ூ௫ , which is the maximum value ߱ ூ assumes for a certain ߙ and ߚ. The wavenumber which corresponds to ߱ ோ௫ and ߱ ூ௫ is denoted by ݇ ௫ .
APPLICATION
The value of N in the Chebyshev polynomials is set as 30. The period ܶ ෨ was calculated by using values obtained from Ikeda et al. and Tsujimoto 5) ( Table 1 ). The growth rate of the perturbations as function of the wavenumber is presented in Figure  3 .
For typical values of ߙ, ߚ and ݇, the growth rate of perturbation has a maximum value, which is found to be positive in all cases.
The growth rate of perturbations is strongly dependent on the values of ݇. As ݇ becomes small, ߱ ூ tends to a negative constant value. As ݇ increases, ߱ ூ increases, becomes positive and reaches its maximum value ( ߱ ூ௫ ). As ݇ continues to increase, ߱ ூ decays and approaches to zero. The higher the value of ߚ, the higher the value ߱ ூ௫ assumes and the lower is the constant negative value of ߱ ூ when ݇ is small. By increasing ‫ܤ‬ ෨ , ߚ also increases and ߳ decreases, leading to a depth averaged stream wise profile with a more abrupt variation near the interface between the two zones. This more active transverse mixing would tend to generate waves with higher wavenumbers.
The values of ܶ ෨ predicted herein show some agreement with the measured ones (Figure 4 ), in the sense that the presence of vegetation will lead to the generation of vortices whose period has the same order of the measured ones. Moreover, the predicted ܶ ෨ have a tendence of increasing when the measured ܶ ෨ also increases. The agreement was more coherent with the values from Tsujimoto, especially run IW3.
The predicted values by Ikeda et al., obtained after using a semi-empirical procedure to determine the value of the eddy viscosity had a better agreement, but also smaller than the predicted values.
CONCLUSIONS
A linear stability analysis of a free surface flow in a wide rectangular channel partially covered with vegetation is presented. It was determined whether the perturbations will grow, decay or be constant depending on typical values of parameters ߙ, ߚ and the wavenumber ݇. If a positive value for the growth rate of perturbation is found, the turbulences may take the form of discrete vortices. As expected, it was found that there is a maximum positive growth rate of perturbation. 
